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Abstrat
In this paper we address the vetor problem of a 2D half-plane interfaial rak loaded by a general
asymmetri distribution of fores ating on its faes. It is shown that the general integral formula
for the evaluation of stress intensity fators, as well as high-order terms, requires both symmetri
and skew-symmetri weight funtion matries. The symmetri weight funtion matrix is obtained
via the solution of a Wiener-Hopf funtional equation, whereas the derivation of the skew-symmetri
weight funtion matrix requires the onstrution of the orresponding full eld singular solution.
The weight funtion matries are then used in the perturbation analysis of a rak advaning
quasi-statially along the interfae between two dissimilar media. A general and rigorous asymptoti
proedure is developed to ompute the perturbations of stress intensity fators as well as high-order
terms.
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1 Introdution
The theory of weight funtions is fundamental in the evaluation of stress intensity fators for asymp-
toti representations near non-regular boundaries suh as usps, wedges, raks. The lassial work of
Buekner dened weight funtions for several types of raks, both in 2D and 3D, as the stress intensity
fators orresponding to the point fore loads applied to the faes of the raks plaed in a homogeneous
ontinuum (Buekner, 1987, 1989). In partiular, for a penny shaped rak in three dimensions, as well
as a half-plane rak, Buekner has introdued the weight funtions orresponding to a general distri-
bution of fores on the opposite faes of the rak, whih also inluded the ase of fores ating in the
same diretion.
In the present paper, we use the term symmetri load for fores ating on opposite rak faes
and in opposite diretions, whereas the term skew-symmetri or anti-symmetri load will be used for
fores ating on opposite rak faes but in the same diretion, see Fig. 1. Consequently, symmetri loads
are always self-balaned, whereas skew-symmetri loads are not, in general (however, we shall onsider
only the ase of self-balaned loading). Note that this terminology is dierent from that usually in use,
where the words symmetri and anti-symmetri are intended in terms of the symmetry about the
plane ontaining the rak, so that, for example, shear fores ating on opposite rak faes but in the
same diretion are onsidered to be symmetri (see for example Meade and Keer, 1984).
crackcrack
symmetric component skew−symmetric component
Figure 1: Symmetri and skew-symmetri parts of the loading in the ase of single point fores. In pratial ases, the
loading is given as a ombination of point fores and/or distributed fores in suh a way it is self-balaned (see for example
the problem analysed in Setion 6).
Although in two dimensions skew-symmetri loading does not ontribute to the stress intensity fa-
tors, it beomes essential in three dimensions. Both symmetri and skew-symmetri loads on the faes
of a half-plane rak in a three dimensional homogeneous elasti spae are also onsidered by Meade and
Keer (1984).
The situation when the rak is plaed at an interfae between two dissimilar elasti media is sub-
stantially dierent from the analogue orresponding to a homogeneous elasti spae with a rak. Here,
even in the ase of two dimensions (plane strain or plane stress), the stress omponents osillate near the
rak tip and also the skew-symmetri loads generate non-zero stress intensity fators. Also for the Mode
III, where the stress omponents do not osillate, there is a non-vanishing skew-symmetri omponent
of the weight funtion.
Symmetri twodimensional weight funtions (i.e. stress intensity fators for symmetri opening loads
applied on the rak faes) for interfaial raks were analysed by Huthinson, Mear and Rie (1987).
The problem of symmetri three dimensional Buekner's weight funtions for interfaial raks has been
addressed by Lazarus and Leblond (1998) and Piolroaz et al. (2007). On the basis of these results,
Pindra et al. (2008) studied the evolution in time of the deformation of the front of a semi-innite 3D
interfae rak propagating quasistatially in an innite heterogeneous elasti body.
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However, to our best knowledge, the skew-symmetri weight funtion for interfaial raks has never
been onstruted for the plane strain ase nor even for the Mode III deformation. On the other hand,
in most appliations, espeially for the interfaial rak, the loading is not symmetri and onsequently
the eets of the skew-symmetri loading in the analysis of frature propagation require a thoroughly
investigation.
The aim of this paper is to onstrut the aforementioned skew-symmetri weight funtions for the
twodimensional interfaial rak problem. To this purpose, we develop a general approah, whih allows
us to obtain the general weight funtions, as used by Willis and Movhan (1995), dened as non-trivial
singular solutions of a boundary value problem for interfaial raks with zero trations on the rak
faes but unbounded elasti energy. By taking the trae of these general weight funtions on the real
axis, one an arrive to the notion of Buekner's weight funtion assoiated with the point fore load on
the rak faes (Piolroaz et al., 2007). It is then shown that the skew-symmetri part of the loading
ontributes to the stress singularity at the rak edge and thus to the resulting stress intensity fators.
These results are presented in Setion 3 for the plane strain problem and in Setion 7 for the Mode III
problem.
We summarize that the symmetri weight funtion matrix [[U ]] for a plane strain interfaial rak
has the form (ompare with (25) in the main text):
[[U ]](x1) =
1
2d0
√
2πx1
{
x−iǫ1
c+1
B +
xiǫ1
c−1
B
⊤
}
for x1 > 0,
[[U ]](x1) = 0 for x1 < 0,
(1)
where i is the imaginary unit, B =
(
1 −i
i 1
)
, the supersript
⊤
denote transposition, and the bimaterial
parameters ǫ and d0 are dened in Appendix A.1. The quantities c
+
1 , c
−
1 appear as oeients in the
representation of osillatory terms in the asymptotis of stress near the tip of the interfaial rak, as
dened in the sequel (see (30)(32)).
The result for the skew-symmetri weight funtion matrix 〈U〉, unpublished in the earlier literature,
reads as follows (ompare with (26) in the main text):
〈U〉(x1) = α
2
[[U ]](x1) for x1 > 0,
〈U〉(x1) = −i α(d∗ − γ∗)
4d30
√−2πx1
{
(−x1)−iǫ
c+1
B − (−x1)
iǫ
c−1
B
⊤
}
for x1 < 0,
(2)
where the bimaterial onstant γ∗ and the Dundurs parameters α and d∗ are dened in Appendix A.1.
The onventional notations [[f ]](x) = f(x, 0+)− f(x, 0−) and 〈f〉(x) = 12 (f(x, 0+) + f(x, 0−)) are in use
here to denote the symmetri and skew-symmetri omponents, respetively.
Note that the result for the symmetrial weight funtions is onsistent with the representation for
the stress intensity fators derived by Huthinson, Mear and Rie (1987).
For the Mode III ase, the salar symmetri and skew-symmetri weight funtions are (ompare with
(50) and (51) in the main text):
[[U3]](x1) =


1− i√
2π
x
−1/2
1 , for x1 > 0,
0, for x1 < 0,
, 〈U3〉 = η
2
[[U3]], (3)
where η is another bimaterial onstant dened in Appendix A.1.
In Setion 4 we use both symmetri and skew-symmetri weight funtion matries together with the
Betti identity in order to derive the stress intensity fators for an interfaial rak subjeted to a general
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load. We summarize here that the integral formula for the omputation of the omplex stress intensity
fator in the plane strain problem, K = K
I
+ iK
II
, has the form (ompare with (38) in the main text):
K = −iM−11 lim
x′
1
→0
∫ 0
−∞
{
[[U ]]⊤(x′1 − x1)R〈p〉(x1) + 〈U〉⊤(x′1 − x1)R[[p]](x1)
}
dx1, (4)
where K = [K,K∗]⊤, the supersript ∗ denotes onjugation, M1 is dened in (35) and (32), R is
dened in (27) and 〈p〉(x1), [[p]](x1) stand for the symmetri and skew-symmetri parts of the loading,
respetively.
For the omputation of the Mode III stress intensity fator, K
III
, the integral formula has the form
(ompare with (52) in the main text):
K
III
= −
√
2
π
∫ 0
−∞
{
〈p3〉(x1) + η
2
[[p3]](x1)
}
(−x1)−1/2dx1. (5)
Needless to say, by replaing the loading with the Dira delta funtion, these integral formulae
immediately give the Buekner's weight funtions. Also, this approah allows us to derive the onstants
in the high-order terms, whih are essential in the perturbation analysis (Lazarus and Leblond, 1998;
Piolroaz et al., 2007).
Setion 5 is devoted to the perturbation model of a rak advaning quasi-statially along the interfae
between two dissimilar media. We develop and prove an alternative approah onsistent with the idea
originally presented in Willis and Movhan (1995). Both symmetri and skew-symmetri weight funtion
matries are essential in this perturbation analysis.
A simple illustrative example is given in Setion 6, whih shows quantitatively the inuene of the
skew-symmetri loading for interfaial raks.
Setion 2 is introdutory and ontains auxiliary results onerning the physial elds around the
interfaial rak tip, whih are neessary for the analysis presented in Setions 37.
Finally, the Appendix A.1 ollets all bimaterial parameters involved in the analysis of the interfa-
ial rak, inluding the well-known parameters as well as the new parameters appearing in the skew-
symmetri problem. The parameters have been lassied aording to whether they are involved in the
symmetrial or skew-symmetrial weight funtions. The Appendix A.2 provides the theorems required
for proving the approah presented in Setion 5.
2 Preliminary results for an interfaial rak
To introdue the main notations and the mathematial framework for our model, we start with the
analysis of the displaement and stress elds around a semi-innite plane rak loated on an interfae
between two dissimilar isotropi elasti media, with elasti onstants denoted by ν±, µ±, see Fig. 2.
The loading is given by trations ating upon the rak faes. In terms of a Cartesian oordinate
system with the origin at the rak tip, tration omponents are dened as follows
σ±2j(x1, 0
±) = p±j (x1), for x1 < 0, j = 1, 2, (6)
where p±j (x1) are presribed funtions.
The load is assumed to be self-balaned, so that its prinipal fore and moment vetors are equal to
zero. We also assume that the fores are applied outside a neighbourhood of the rak tip and vanish at
innity (spei assumptions on the behaviour of the loading will be disussed in the sequel). The body
fores are assumed to be zero. It is onvenient to use the notion of the symmetri and skew-symmetri
parts of the loading
〈pj〉(x1) =
p+j (x1) + p
−
j (x1)
2
, [[pj ]](x1) = p
+
j (x1)− p−j (x1), j = 1, 2. (7)
5
x1
x2
+ν  ,  µ +
−
ν  ,  µ
−
+
p 1(    )x
−
p 1(    )x
crack interface
Figure 2: Geometry of the model.
The solution to the physial problem is sought in the lass of funtions whih vanish at innity and
have nite elasti energy.
The results presented in Setions 2.1 and 2.2 are known in the literature (see for example: Williams,
1959; Erdogan, 1963; Rie, 1965; Willis, 1971), at least for symmetri loading. These results, together
with the results on higher order terms presented in Setion 2.3, whih are less ommon in the literature,
provide the formulae needed for the perturbation analysis developed in the sequel of the paper.
2.1 Representation in terms of Mellin transforms
In polar oordinates the Mellin transforms for the displaement vetor and the stress tensor with loally
bounded elasti energy are dened as follows
u˜(s, θ) =
∫ ∞
0
u(r, θ)rs−1dr, σ˜(s, θ) =
∫ ∞
0
σ(r, θ)rsdr,
and they are represented by analyti funtions in the strips −ϑ0 < Re(s) < ϑ∞ and −γ0 < Re(s) < γ∞,
respetively, where ϑ0, ϑ∞ ≥ 0 (ϑ0 + ϑ∞ > 0), γ0, γ∞ > 0 are onstants related to the behaviour of the
solution at the rak tip and at innity, namely
u(r, θ) =
{
O(rϑ0 ), r → 0,
O(r−ϑ∞), r →∞, σ(r, θ) =
{
O(rγ0−1), r → 0,
O(r−γ∞−1), r →∞, (8)
Correspondingly, the inverse transforms are
u(r, θ) =
1
2πi
∫ ω1+i∞
ω1−i∞
u˜(s, θ)r−sds, σ(r, θ) =
1
2πi
∫ ω2+i∞
ω2−i∞
σ˜(s, θ)r−s−1ds, (9)
where −ϑ0 < ω1 < ϑ∞ and −γ0 < ω2 < γ∞.
2.1.1 General solution to the eld equations of linear elastiity
In polar oordinates, with the origin at the rak tip, the Mellin transforms of stresses and displaements
satisfy the relations (the material onstants involved in these representations are reported in Appendix
A.1)
σ˜±θθ = C
±
1 cos[(s+ 1)θ] + C
±
2 cos[(s− 1)θ] + C±3 sin[(s+ 1)θ] + C±4 sin[(s− 1)θ],
6
σ˜±rr = −
1
s
[
σ˜±θθ −
1
s− 1
∂ 2
∂θ 2
σ˜±θθ
]
, σ˜±rθ =
1
s− 1
∂
∂θ
σ˜±θθ,
u˜±r =
1
2sµ±
[σ˜±θθ − (1− ν±)σ˜±0 ], u˜±θ = −
1
2sµ±
[
σ˜±rθ +
1− ν±
s+ 1
∂
∂θ
σ˜±0
]
,
where σ˜±0 = σ˜
±
rr + σ˜
±
θθ.
Hene, we dedue
σ˜±rr = −
s+ 3
s− 1C
±
1 cos[(s+ 1)θ]− C±2 cos[(s− 1)θ]−
s+ 3
s− 1C
±
3 sin[(s+ 1)θ]− C±4 sin[(s− 1)θ],
σ˜±rθ = −
s+ 1
s− 1C
±
1 sin[(s+ 1)θ]− C±2 sin[(s− 1)θ] +
s+ 1
s− 1C
±
3 cos[(s+ 1)θ] + C
±
4 cos[(s− 1)θ],
u˜±r =
1
2sµ±
{
C±1 cos[(s+ 1)θ] + C
±
2 cos[(s− 1)θ] + C±3 sin[(s+ 1)θ] + C±4 sin[(s− 1)θ]
+
4(1− ν±)
s− 1
[
C±1 cos[(s+ 1)θ] + C
±
3 sin[(s+ 1)θ]
]}
,
u˜±θ = −
1
2sµ±
{
−C±1
s+ 1
s− 1 sin[(s+ 1)θ]− C
±
2 sin[(s− 1)θ] + C±3
s+ 1
s− 1 cos[(s+ 1)θ]
+C±4 cos[(s− 1)θ] +
4(1− ν±)
s− 1
[
C±1 sin[(s+ 1)θ]− C±3 cos[(s+ 1)θ]
]}
.
The oeients C±j depend on the loading and will be given in the next setion.
2.1.2 The boundary onditions and full eld solution
The oeients C±j are obtained from the boundary onditions on the rak faes, namely
σ±θθ(r,±π) = p±(r), σ±rθ(r,±π) = q±(r),
where p±(r), q±(r) are presribed funtions given by p±(r) = p±2 (−r), q±(r) = p±1 (−r), see (6). Mishuris
and Kuhn (2001) give the result in a ompat form as the solution to the following system of algebrai
equations
2 sinπs
s− 1
[
C±1 (s)
C±3 (s)
]
=
[ − sinπs ± cosπs
± cosπs sinπs
]
D(s)±

 〈q˜〉 ±
1
2
[[q˜]]
〈p˜〉 ± 1
2
[[p˜]]

 , (10)


C±1 (s) + C
±
2 (s)
s+ 1
s− 1C
±
3 (s) + C
±
4 (s)

 = D(s),
where D(s) = −Φ−1(s)F (s) and
Φ(s) =
[
cosπs d∗ sinπs
−d∗ sinπs cosπs
]
, F (s) =

 〈p˜〉(s) +
α
2
[[p˜]](s)
〈q˜〉(s) + α
2
[[q˜]](s)

 .
Note that the presribed boundary onditions appear in (10) and in the denition of the vetor F (s),
in terms of the symmetri and skew-symmetri parts of the loading. The material onstants d∗ and α
are the Dundurs parameters, as desribed in the Appendix A.1.
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Denoting the determinant of Φ(s) by δ(s) = cos2 πs + d2∗ sin
2 πs, we obtain the full eld solution in
terms of the Mellin transform as follows
C±1 (s) =
s− 1
2δ(s)
{
〈p˜〉[(1∓ d∗) cosπs] + 1
2
[[p˜]][(1∓ d∗)α cosπs]
+〈q˜〉 [−(1∓ d∗)d∗ sinπs] + 1
2
[[q˜]]
[
(d∗ − α)d∗ sinπs+ (1∓ α)cos
2 πs
sinπs
]}
,
C±3 (s) =
s− 1
2δ(s)
{
〈p˜〉 [−(1∓ d∗)d∗ sinπs] + 1
2
[[p˜]]
[
(d∗ − α)d∗ sinπs+ (1∓ α)cos
2 πs
sinπs
]
+〈q˜〉[−(1 ∓ d∗) cosπs] + 1
2
[[q˜]][−(1∓ d∗)α cosπs]
}
,
C±2 (s) = −
1
2δ(s)
{
〈p˜〉[(1 + s± (1− s)d∗) cosπs] + 1
2
[[p˜]][(1 + s± (1− s)d∗)α cosπs]
+〈q˜〉 [(±(1 + s) + (1− s)d∗)d∗ sinπs]
+
1
2
[[q˜]]
[
−(α(1 + s) + d∗(1 − s))d∗ sinπs− (1∓ α)(1 − s)cos
2 πs
sinπs
]}
,
C±4 (s) = −
1
2δ(s)
{
〈p˜〉 [(1− s± (1 + s)d∗)d∗ sinπs]
+
1
2
[[p˜]]
[
(α(1 − s) + d∗(1 + s))d∗ sinπs+ (1∓ α)(1 + s)cos
2 πs
sinπs
]
+〈q˜〉[(1− s± (1 + s)d∗) cosπs] + 1
2
[[q˜]][(1− s± (1 + s)d∗)α cosπs]
}
.
We note that some of the poles of the funtions C±j (s) are obtained from the solution of the equation
δ(s) = cos2 πs+ d2∗ sin
2 πs = 0, so that the poles are given by
s±n =
1− 2n
2
± iǫ, (11)
where n is an integer, and ǫ is the bimaterial onstant dened in Appendix A.1.
For the purpose of evaluation of residues, it will be useful to have at hand the derivative of δ(s).
This is given by δ′(s) = 2π(−1 + d2∗) sinπs cosπs, and its value at s = s±n is as follows
δ′
(
s±n
)
= ±2πid∗. (12)
This formula will be used in the next setion for the derivation of the asymptoti estimates of stress and
displaement elds near the rak tip.
2.2 Asymptoti representations near the rak tip and the stress intensity
fators
The solution outlined above leads to the asymptoti representations of stress and displaement near the
rak tip. Analysis of the singular terms in the stress omponents yields the omplex stress intensity
fator for the interfaial rak, where the stress singularity is aompanied by the osillatory behaviour
of the physial elds.
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2.2.1 Asymptotis of stress and displaement near the rak tip
Taking into aount the assumptions on the applied fores, the inspetion of the results for σ˜(s, θ) shows
that σ˜(s, θ) is analyti in the strip −1/2 < Re(s) < 1/2. Therefore, in (8) we have γ0 = γ∞ = 1/2, and
hoosing ω2 = 0, the inverse transform is given by
σ(r, θ) =
1
2πi
∫ 0+i∞
0−i∞
σ˜(s, θ)r−s−1ds.
By means of the Cauhy's residue theorem, we an get the asymptotis of σ(r, θ) as r → 0 as follows
σ(r, θ) =
∑
±
Res[σ˜(s, θ)r−s−1, s = s±1 ] +
1
2πi
∫ ω+i∞
ω−i∞
σ˜(s, θ)r−s−1ds,
where ω < −1/2. The rst two terms are the leading term, of the order O(r−1/2), and the last term is a
higher order term, of the order O(rβ), β > −1/2. The notation Res[f(s), s = s∗] stands for the residue
of f at the pole s = s∗,
Res[f(s), s = s∗] =
1
(m− 1)!
dm−1f(s)(s− s∗)m
dsm−1
∣∣∣∣
s=s∗
,
where m is the order of the pole.
It sues now to ompute the residues at the poles s = s±1 = −1/2± iǫ,
Res
[
σ˜(s, θ) r−s−1, s = −1/2± iǫ] =
=
[
σ˜(s, θ)δ(s) r−s−1
]
s=−1/2±iǫ
· Res
[
1
δ(s)
, s = −1/2± iǫ
]
=
[
σ˜(s, θ)δ(s) r−s−1
]
s=−1/2±iǫ
· lim
s→−1/2±iǫ
s− (−1/2± iǫ)
δ(s)
=
[
σ˜(s, θ)δ(s) r−s−1
]
s=−1/2±iǫ
· 1
δ′(−1/2± iǫ)
= ∓ i
2πd∗
[σ˜(s, θ)δ(s)]s=−1/2±iǫ · r−1/2∓iǫ,
where in the last equality we used the formula (12).
It an be shown that β = 0, so that the leading term asymptotis of the stress eld is
σ(r, θ) = i−1/2(r, θ) +O(1), (13)
where
i−1/2(r, θ) =
i
2πd∗
{
− [σ˜(s, θ)δ(s)]s=−1/2+iǫ r−1/2−iǫ + [σ˜(s, θ)δ(s)]s=−1/2−iǫ r−1/2+iǫ
}
.
An inspetion of the results for u˜(s, θ) shows that it is analyti in the same strip −1/2 < Re(s) < 1/2,
exept for a simple pole in s = 0. Sine we seek the solution vanishing at innity, the strip of analytiity
for the funtion u˜(s, θ) is 0 < Re(s) < 1/2. Therefore, in (8) we have ϑ0 = 0, ϑ∞ = γ∞ = 1/2. Choosing
ω1 in this interval and applying the Cauhy's residue theorem, we an write the leading term asymptotis
of u(r, θ) as r→ 0 as follows
u(r, θ) = Res
[
u˜(s, θ) r−s, s = 0
]
+
∑
±
Res
[
u˜(s, θ) r−s, s = s±1
]
+
1
2πi
∫ ω+i∞
ω−i∞
u˜(s, θ)r−sds,
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where ω < −1/2. The rst term of the order O(1) orresponds to the translation of the rak tip and
reads
u(0, θ) = V 0(θ) = Q(θ)w0, Q(θ) =
[
cos θ sin θ
− sin θ cos θ
]
, (14)
where
w01 = u1(0, 0)
=
1
2πµ±
{
[1− 2ν± ± 2d∗(ν± − 1)]π
∫ ∞
0
〈p〉(r)dr + (−1± α)(ν± − 1)
∫ ∞
0
[[q]](r)(log r)dr
}
,
w02 = u2(0, 0)
=
1
2πµ±
{
−[1− 2ν± ± 2d∗(ν± − 1)]π
∫ ∞
0
〈q〉(r)dr + (−1± α)(ν± − 1)
∫ ∞
0
[[p]](r)(log r)dr
}
,
are the Cartesian omponents of the translation of the rak tip. The seond and third terms are of the
order O(r1/2), and the last term is a higher order term, whih is of the order O(rβ), β > 1/2.
It an be shown that β = 1, so that the omputation of the residues leads to the asymptotis of the
displaement eld as follows
u(r, θ) = V 0(θ) + V 1/2(r, θ) +O(r), (15)
where
V 1/2(r, θ) =
i
2πd∗
{
− [u˜(s, θ)δ(s)]s=−1/2+iǫ r1/2−iǫ + [u˜(s, θ)δ(s)]s=−1/2−iǫ r1/2+iǫ
}
.
Note that the remainders O(1) in (13) and O(r) in (15) are rough estimates and will be rened in the
Setion 2.3. However, their physial meaning is already evident: the rst orresponds to the so-alled
T-stress and the seond to a rigid body rotation superimposed to a uniform deformation near the rak
tip.
2.2.2 The omplex stress intensity fator K = K
I
+ iK
II
From the full eld solution outlined in Setions 2.1.1 and 2.1.2 we obtain
σ˜θθ(s, 0) + iσ˜rθ(s, 0) = −
{
〈p˜〉(s) + i〈q˜〉(s) + α
2
[[p˜]](s) + i
α
2
[[q˜]](s)
} cosπs+ id∗ sinπs
δ(s)
. (16)
Applying the formula (13), the leading term asymptotis may be written as
σθθ(r, 0) + iσrθ(r, 0) =
K√
2π
r−1/2+iǫ +O(1),
where
K = −
√
2
π
cosh(πǫ)
{
〈p˜〉(s) + i〈q˜〉(s) + α
2
[[p˜]](s) + i
α
2
[[q˜]](s)
}
s=−1/2−iǫ
is the omplex stress intensity fator.
Correspondingly, by means of the formula (15), we obtain
[[uθ]](r) + i[[ur]](r) = − (1− ν+)/µ+ + (1− ν−)/µ−
(1/2 + iǫ) cosh(πǫ)
K√
2π
r1/2+iǫ +O(r),
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where we used the notation [[f ]](r) = f(r, π)− f(r,−π). Note that the zero-order term V 0(θ) present in
(15) disappears in the last formula.
The formula for the omplex stress intensity fator is then
K = −
√
2
π
cosh(πǫ)
∫ ∞
0
{
〈p〉(r) + i〈q〉(r) + α
2
[[p]](r) + i
α
2
[[q]](r)
}
r−1/2−iǫdr.
As expeted, this representation is onsistent with Huthinson, Mear and Rie (1987) who onsidered
a rak loaded by point fores a distane a behind the tip:
p+(r) = p−(r) = −Pδ(r − a), q+(r) = q−(r) = −Qδ(r − a),
where δ(·) is the Dira delta funtion, so that
〈p〉(r) = −Pδ(r − a), [[p]](r) = 0, 〈q〉(r) = −Qδ(r − a), [[q]](r) = 0.
For this loading we obtain
K =
√
2
π
cosh(πǫ)
∫ ∞
0
{Pδ(r − a) + iQδ(r − a)} r−1/2−iǫdr =
√
2
π
cosh(πǫ)(P + iQ)a−1/2−iǫ,
whih fully agrees with Huthinson, Mear and Rie (1987).
2.3 High-order asymptotis
The asymptoti proedure involving the evaluation of stress intensity fators for raks with a slightly
perturbed front requires the high-order asymptotis of the displaement and stress elds near the rak
edge. The proedure of the previous setion an be extended to the high-order terms, and hene the
high-order asymptotis of the stress eld is given by
σ(r, θ) = i−1/2(r, θ) + T (θ) + i1/2(r, θ) + S(θ)r + i3/2(r, θ) +O(r
2),
(17)
where (the supersript
⊤
denotes transposition, x1 = r cos θ, x2 = r sin θ, Q(θ) is given in (14))
T (θ) = Res [σ˜(s, θ), s = −1] = TQ(θ)
[
1 0
0 0
]
Q⊤(θ),
S(θ) = Res [σ˜(s, θ), s = −2] =
=
1∓ α
π
√
x21 + x
2
2
Q(θ)


x2
∫ ∞
0
[[p]](r)
dr
r2
− x1
∫ ∞
0
[[q]](r)
dr
r2
x2
∫ ∞
0
[[q]](r)
dr
r2
x2
∫ ∞
0
[[q]](r)
dr
r2
0

Q⊤(θ),
and
i l/2(r, θ) =
∑
±
Res
[
σ˜(s, θ) r−s−1, s = −l/2− 1± iǫ]
=
i
2πd∗
{
− [σ˜(s, θ)δ(s)]s=−l/2−1+iǫ rl/2−iǫ + [σ˜(s, θ)δ(s)]s=−l/2−1−iǫ rl/2+iǫ
}
, l = 1, 3.
Note that T is the T-stress given by
T =
1∓ α
π
∫ ∞
0
[[q]](r)
dr
r
.
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Applying the formula (17) to (16), we nally obtain
σθθ(r, 0) + iσrθ(r, 0) =
K√
2π
r−1/2+iǫ +
A√
2π
r1/2+iǫ +
B√
2π
r3/2+iǫ +O(r2),
where the onstants in the high-order terms are
A =
√
2
π
cosh(πǫ)
∫ ∞
0
{
〈p〉(r) + i〈q〉(r) + α
2
[[p]](r) + i
α
2
[[q]](r)
}
r−3/2−iǫdr,
B = −
√
2
π
cosh(πǫ)
∫ ∞
0
{
〈p〉(r) + i〈q〉(r) + α
2
[[p]](r) + i
α
2
[[q]](r)
}
r−5/2−iǫdr.
If the loading is smooth enough, then we an integrate by parts to obtain
A =
√
2
π
cosh(πǫ)
1/2 + iǫ
∫ ∞
0
{
〈p〉′(r) + i〈q〉′(r) + α
2
[[p]]′(r) + i
α
2
[[q]]′(r)
}
r−1/2−iǫdr,
B = −
√
2
π
cosh(πǫ)
(1/2 + iǫ)(3/2 + iǫ)
∫ ∞
0
{
〈p〉′′(r) + i〈q〉′′(r) + α
2
[[p]]′′(r) + i
α
2
[[q]]′′(r)
}
r−1/2−iǫdr.
Correspondingly, we obtain for the high-order asymptotis of the displaement eld the expression
u(r, θ) = V 0(θ) + V 1/2(r, θ) + V 1(θ)r + V 3/2(r, θ) + V 2(θ)r
2 + V 5/2(r, θ) +O(r
3),
where
V l(θ) = Res [u˜(s, θ), s = −l] = Q(θ)r−lwl(r, θ), l = 1, 2,
V l/2 =
∑
±
Res
[
u˜(s, θ) r−s, s = −l/2± iǫ]
=
i
2πd∗
{
− [u˜(s, θ)δ(s)]s=−l/2+iǫ rl/2−iǫ + [u˜(s, θ)δ(s)]s=−l/2−iǫ rl/2+iǫ
}
, l = 3, 5,
and
w11 =
1∓ α
2πµ±
(1− ν±)
{
x1
∫ ∞
0
[[q]](r)
dr
r
− x2
∫ ∞
0
[[p]](r)
dr
r
}
,
w12 =
1∓ α
2πµ±
{
(1− ν±)x1
∫ ∞
0
[[p]](r)
dr
r
− ν±x2
∫ ∞
0
[[q]](r)
dr
r
}
,
w21 =
1∓ α
8πµ±
{
4(1− ν±)x1x2
∫ ∞
0
[[p]](r)
dr
r2
+ [(x21 + x
2
2)− (3− 2ν±)(x21 − x22)]
∫ ∞
0
[[q]](r)
dr
r2
}
,
w22 =
1∓ α
8πµ±
{
−[(x21 + x22) + (1− 2ν±)(x21 − x22)]
∫ ∞
0
[[p]](r)
dr
r2
+ 4ν±x1x2
∫ ∞
0
[[q]](r)
dr
r2
}
.
We note that wl(r, θ) is homogeneous of degree l in the variable r and that w11 and w12 are the Cartesian
omponents of the loal rigid body rotation superimposed to a uniform deformation near the rak tip
mentioned above.
Hene
[[uθ]](r) + i[[ur]](r) = − (1− ν+)/µ+ + (1− ν−)/µ−
cosh(πǫ)
×{
1
1/2 + iǫ
K√
2π
r1/2+iǫ − 1
3/2 + iǫ
A√
2π
r3/2+iǫ +
1
5/2 + iǫ
B√
2π
r5/2+iǫ
}
+O(r3).
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3 Symmetri and skew-symmetri weight funtions for interfa-
ial raks
In this setion, we introdue a speial type of singular solutions of a homogeneous problem for an
interfaial rak. The traes of these funtions on the plane ontaining the rak are known as the
weight funtions, and they are used in the evaluation of the stress intensity fators in models of linear
frature mehanis. The notations [[U ]] and 〈U〉 will be used for the symmetri and skew-symmetri
weight funtion matries, as outlined in the sequel of the paper.
We refer to the earlier publiations by Antipov (1999), Berial et al. (2005) and Piolroaz et al.
(2007) for the detailed disussion of the theory of weight funtions and related funtional equations of
the Wiener-Hopf type. Here we give an outline, required for our purpose of evaluation of the weight
funtion matries for interfaial raks.
The speial singular solutions for the interfaial rak are dened as the solutions of the elastiity
problem where the rak is plaed along the positive semi-axis, x1 > 0, the boundary onditions are
homogeneous (tration-free rak faes) and satisfying speial homogeneity properties. In partiular,
(a) the singular solution U = [U1, U2]
⊤
satises the equation of equilibrium;
(b) [[U ]] = 0 when x1 < 0;
() the assoiated tration vetor ating on the plane ontaining the rak, Σ = [Σ21,Σ22]
⊤
, is on-
tinuous and Σ = 0 when x2 = 0 and x1 > 0 (homogeneous boundary onditions);
(d) U is a linear ombination of homogeneous funtions of degree −1/2 + iǫ and −1/2− iǫ.
We enphasise here that the domain for weight funtions (where the rak is plaed along the positive
semi-axis) is dierent from the domain for the physial solution (where the rak is plaed along the
negative semi-axis). The reason for this is to have the fundamental integral identity, introdued in the
sequel, eq. (28), in onvolution form (see Piolroaz et al., 2007, for details).
3.1 The Wiener-Hopf equation
3.1.1 Fatorization and solution
Let us introdue the Fourier transforms of the rak-opening singular displaements and the orrespond-
ing tration omponents
[[U ]]+(β) =
∫ ∞
0
[[U ]](x1)e
iβx1dx1, Σ
−
(β) =
∫ 0
−∞
Σ(x1)e
iβx1dx1.
The supersript
+
indiates that the funtion [[U ]]+(β) is analyti in the upper half-plane C+ = {β ∈
C : Re β ∈ (−∞,∞), Imβ ∈ (0,∞)}, whereas the supersript − indiates that the funtion Σ−(β) is
analyti in the lower half-plane C− = {β ∈ C : Re β ∈ (−∞,∞), Imβ ∈ (−∞, 0)}.
These funtions are related via the funtional equation of the Wiener-Hopf type (Antipov, 1999):
[[U ]]+(β) = − b|β|G(β)Σ
−
(β), β ∈ R, (18)
where b = (1 − ν+)/µ+ + (1− ν−)/µ− and
G(β) =
[
1 −i sign(β)d∗
i sign(β)d∗ 1
]
.
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The fatorization of −b/|β|G is given by
− b|β|G(β) = −
b
β
1/2
+ β
1/2
−
X+(β)[X−(β)]−1, β ∈ R, (19)
where
X+(β) = d0
[
cosB+ − sinB+
sinB+ cosB+
]
, β ∈ C+, X−(β) = d−10
[
cosB− − sinB−
sinB− cosB−
]
, β ∈ C−,
d0 = (1− d∗)1/4, and the limit values of the funtions β1/2± , as Im(β)→ 0±, are
β
1/2
+ =


β1/2, β > 0
i(−β)1/2, β < 0
, β
1/2
− =


β1/2, β > 0
−i(−β)1/2, β < 0
,
and
B± = −ǫ log(∓iβ), β ∈ C±.
From the denition of singular solutions given in the introdution of this setion, it follows that the
asymptoti behaviour of the weight funtions is given by
[[U ]](x1) ∼ x−1/21 F 1(x1), x1 → 0+,
Σ(x1) ∼ (−x1)−3/2F 2(x1), x1 → 0−,
[[U ]](x1) ∼ x−1/21 F 3(x1), x1 →∞,
Σ(x1) ∼ (−x1)−3/2F 4(x1), x1 → −∞,
where F 1,F 2,F 3,F 4 are bounded funtions. The appliation of the Abelian type theorem A.1 and the
Tauberian type theorem A.2 (see Appendix A.2) gives
[[U ]]+(β) ∼ β−1/2+ F˜ 1(β), β ∈ C+, β →∞,
Σ
−
(β) ∼ β1/2− F˜ 2(β), β ∈ C−, β →∞,
[[U ]]+(β) ∼ β−1/2+ F˜ 3(β), β ∈ C+, β → 0,
Σ(β) ∼ β1/2− F˜ 4(β), β ∈ C−, β → 0,
where F˜ 1, F˜ 2, F˜ 3, F˜ 4 are bounded funtions. Substituting the representation (19) for the matrix
−b/|β|G(β) into the Wiener-Hopf equation (18), we obtain
β
1/2
+ [X
+(β)]−1[[U ]]+(β) = − b
β
1/2
−
[X−(β)]−1Σ
−
(β), β ∈ R. (20)
Sine [X+(β)]−1 and [X−(β)]−1 are bounded funtions and taking into aount the asymptoti be-
haviour of the weight funtions at innity, it follows that the LHS and RHS of (20) behave as O(1),
β →∞, and from the Liouville theorem, they are equal to the same onstant e = [e1, e2]⊤, where e1, e2
are arbitrary, so that
[[U ]]+(β) =
1
β
1/2
+
X+(β)
[
e1
e2
]
, β ∈ C+, Σ−(β) = −β
1/2
−
b
X−(β)
[
e1
e2
]
, β ∈ C−. (21)
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3.1.2 The basis in the spae of singular solutions
From now on, we shall use the notion of weight funtions, dened as traes of the singular displaement
elds obtained in the above setion. It is evident from the solution obtained above that the spae of
singular solutions is a 2-dimensional linear spae. Two linearly independent weight funtions an be
seleted as follows. Setting e1 = 1, e2 = 0 in (21), we get the rst weight funtion as:
[[U
1
1]]
+ =
d0
β
1/2
+
cosB+ =
d0
2
β
−1/2
+
(
e0β
iǫ
+ +
1
e0
β−iǫ+
)
, β ∈ C+,
[[U
1
2]]
+ =
d0
β
1/2
+
sinB+ =
id0
2
β
−1/2
+
(
e0β
iǫ
+ −
1
e0
β−iǫ+
)
, β ∈ C+,
Σ
1−
21 = −
β
1/2
−
bd0
cosB− = − 1
2bd0
β
1/2
−
(
1
e0
βiǫ− + e0β
−iǫ
−
)
, β ∈ C−,
Σ
1−
22 = −
β
1/2
−
bd0
sinB− = − i
2bd0
β
1/2
−
(
1
e0
βiǫ− − e0β−iǫ−
)
, β ∈ C−,
(22)
where e0 = e
ǫπ/2
.
Setting e1 = 0, e2 = 1 in (21), we get the seond weight funtion as:
[[U
2
1]]
+ = − d0
β
1/2
+
sinB+ = − id0
2
β
−1/2
+
(
e0β
iǫ
+ −
1
e0
β−iǫ+
)
, β ∈ C+,
[[U
2
2]]
+ =
d0
β
1/2
+
cosB+ =
d0
2
β
−1/2
+
(
e0β
iǫ
+ +
1
e0
β−iǫ+
)
, β ∈ C+,
Σ
2−
21 =
β
1/2
−
bd0
sinB− =
i
2bd0
β
1/2
−
(
1
e0
βiǫ− − e0β−iǫ−
)
, β ∈ C−,
Σ
2−
22 = −
β
1/2
−
bd0
cosB− = − 1
2bd0
β
1/2
−
(
1
e0
βiǫ− + e0β
−iǫ
−
)
, β ∈ C−.
(23)
In order to use a ompat notation in the sequel of the paper, we ollet the weight funtion omponents
together with omponents of the orresponding trations in matries as follows
[[U ]]+ =

 [[U11]]+ [[U21]]+
[[U
1
2]]
+ [[U
2
2]]
+

 , Σ− =

 Σ1−21 Σ2−21
Σ
1−
22 Σ
2−
22

 .
Note that the limit values of the funtions β±iǫ+ , as Im(β)→ 0+, are
βiǫ+ =


βiǫ, β > 0,
(−β)iǫ
e20
, β < 0,
β−iǫ+ =
{
β−iǫ, β > 0,
(−β)−iǫe20, β < 0,
whereas the limit values of the funtions β±iǫ− , as Im(β)→ 0−, are
βiǫ− =
{
βiǫ, β > 0,
(−β)iǫe20, β < 0,
β−iǫ− =


β−iǫ, β > 0,
(−β)−iǫ
e20
, β < 0.
15
It is lear that the hoie of a basis of two linearly independent singular solutions is not unique.
Berial-Velez et al. (2005) provided another set of linearly independent weight funtions, namely
[[U11]]+ =
1
2d20
β
−1/2
+
(
−e0β
iǫ
+
c−1
+
β−iǫ+
e0c
+
1
)
, β ∈ C+,
[[U12]]+ = −
i
2d20
β
−1/2
+
(
e0β
iǫ
+
c−1
+
β−iǫ+
e0c
+
1
)
, β ∈ C+,
[[U21]]+ = −[[U
1
2]]
+, β ∈ C+,
[[U22]]+ = [[U
1
1]]
+, β ∈ C+.
It an be shown that these weight funtions are linear ombinations of (22) and (23),
 [[U11]]+ [[U21]]+
[[U12]]+ [[U
2
2]]
+

 = 1
2c+1 c
−
1 d
3
0

 [[U11]]+ [[U21]]+
[[U
1
2]]
+ [[U
2
2]]
+


[ −c+1 + c−1 i(c+1 + c−1 )
−i(c+1 + c−1 ) −c+1 + c−1
]
.
3.2 The half-plane problem and full representation of weight funtions
In this setion, we will onstrut the full representation of singular solutions for the whole plane. This
is needed in order to ompute the skew-symmetri weight funtion matrix 〈U〉. The omplete singular
solutions an be onstruted by solving a boundary value problem for a semi-innite half-plane subjeted
to tration boundary onditions at its boundary.
Let us onsider rst the lower half-plane. A plane strain elastiity problem is usually solved by means
of the Airy funtion. Introduing the Fourier transform with respet to the x1 variable, the problem is
most easily solved onsidering the stress omponent σ22 as the primary unknown funtion, so that the
problem redues to the following ordinary dierential equation
σ′′′′22 − 2β2σ′′22 + β4σ22 = 0,
where a prime denotes derivative with respet to x2. The general solution is then
σ22(β, x2) = (A2 + x2B2)e
|β|x2, σ11(β, x2) = − 1
β2
σ′′22, σ21(β, x2) = −
i
β
σ′22, β ∈ R.
Correspondingly, the Fourier transforms of the displaement omponents are
u1(β, x2) = − i
2µ−β
{σ22 − (1− ν−)σ0}, u2(β, x2) = 1
2µ−β2
{σ′22 + (1− ν−)σ′0}, β ∈ R,
where σ0 = σ11 + σ22. The boundary onditions along the boundary x2 = 0
−
are dened by
σ22(β, x2 = 0
−) = Σ
−
22(β), σ21(β, x2 = 0
−) = Σ
−
21(β), β ∈ R,
where Σ−22,Σ
−
21 are the trations along the interfae derived in the previous setion. It follows that
σ22(β, x2 = 0
−) = A2 = Σ
−
22(β), σ21(β, x2 = 0
−) = − i
β
(A2|β|+B2) = Σ−21(β), β ∈ R,
and thus
A2 = Σ
−
22, B2 = iβΣ
−
21 − |β|Σ
−
22, β ∈ R.
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The full representations of Fourier transforms (with respet to x1) of the required singular displaements
and the orresponding omponents of stress are
σ22(β, x2) = {iβx2Σ−21 + (1− |β|x2)Σ
−
22}e|β|x2,
σ11(β, x2) = {−i(2 sign(β) + βx2)Σ−21 + (1 + |β|x2)Σ
−
22}e|β|x2,
σ21(β, x2) = {(1 + |β|x2)Σ−21 + iβx2Σ
−
22}e|β|x2.
u1(β, x2) =
1
2µ−
{[
x2 +
2(1− ν−)
|β|
]
Σ
−
21 + i
[
sign(β)x2 +
1− 2ν−
β
]
Σ
−
22
}
e|β|x2,
u2(β, x2) =
1
2µ−
{
i
[
sign(β)x2 − 1− 2ν−
β
]
Σ
−
21 +
[
2(1− ν−)
|β| − x2
]
Σ
−
22
}
e|β|x2.
For the upper half-plane, we nd the same equations, subjet to replaing |β| with −|β|, µ− with µ+
and ν− with ν+.
3.3 New results for skew-symmetri weight funtions
3.3.1 The Fourier transform representations
It is possible now to derive the jump and average of Fourier transforms of the singular displaement
funtions aross the plane ontaining the rak. The traes on the plane ontaining the rak are given
by
U1(β) = u1(β, x2 = 0
+) =
[
−1− ν+
µ+|β| ,
i(1− 2ν+)
2µ+β
] Σ−21
Σ
−
22

 ,
U2(β) = u2(β, x2 = 0
+) =
[
− i(1− 2ν+)
2µ+β
, −1− ν+
µ+|β|
] Σ−21
Σ
−
22

 ,
U1(β) = u1(β, x2 = 0
−) =
[
1− ν−
µ−|β| ,
i(1− 2ν−)
2µ−β
] Σ−21
Σ
−
22

 ,
U2(β) = u2(β, x2 = 0
−) =
[
− i(1− 2ν−)
2µ−β
,
1− ν−
µ−|β|
] Σ−21
Σ
−
22

 ,
so that, we obtain in matrix form
 [[U11]]+ [[U21]]+
[[U
1
2]]
+ [[U
2
2]]
+

 = − b|β|
[
1 −i sign(β)d∗
i sign(β)d∗ 1
]
 Σ1−21 Σ2−21
Σ
1−
22 Σ
2−
22

 , β ∈ R,
and 
 〈U11〉 〈U21〉
〈U12〉 〈U
2
2〉

 = − bα
2|β|
[
1 −i sign(β)γ∗
i sign(β)γ∗ 1
]
 Σ1−21 Σ2−21
Σ
1−
22 Σ
2−
22

 , β ∈ R,
where γ∗ is a material parameter,
γ∗ =
µ−(1 − 2ν+) + µ+(1 − 2ν−)
2µ−(1− ν+)− 2µ+(1− ν−) .
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Note that the above equations an be rewritten as
[[U ]]+ = − b|β|
[
1 0
0 1
]
Σ
− − ibd∗
β
[
0 −1
1 0
]
Σ
−
, β ∈ R,
〈U〉 = − αb
2|β|
[
1 0
0 1
]
Σ
− − iαbγ∗
2β
[
0 −1
1 0
]
Σ
−
, β ∈ R,
so that we an derive the deomposition of 〈U〉 in the sum of "+" and "−" funtions as follows
〈U〉 = α
2
[[U ]]+ + α(d∗ − γ∗) ib
2β
[
0 −1
1 0
]
Σ
−
, β ∈ R, (24)
where the last term on the right-hand side is a "−" funtion.
3.3.2 The weight funtions - Fourier inversion
After the inversion of the orresponding Fourier transforms, the weight funtions, whih will be needed
for the omputation of stress intensity fators, are as follows. The symmetri weight funtion matrix
[[U ]](x1) is equal to 0 for x1 < 0, whereas for x1 > 0 it is given by
[[U11 ]](x1) =
x
−1/2
1
2d0
√
2π
(
x−iǫ1
c+1
+
xiǫ1
c−1
)
,
[[U12 ]](x1) =
ix
−1/2
1
2d0
√
2π
(
x−iǫ1
c+1
− x
iǫ
1
c−1
)
,
[[U21 ]](x1) = −[[U12 ]](x1),
[[U22 ]](x1) = [[U
1
1 ]](x1).
(25)
The skew-symmetri weight funtion matrix 〈U〉(x1) is equal to α
2
[[U ]](x1) for x1 > 0, whereas for x1 < 0
it is given by
〈U11 〉(x1) = −
iα(d∗ − γ∗)(−x1)−1/2
4d30
√
2π
[
(−x1)−iǫ
c+1
− (−x1)
iǫ
c−1
]
,
〈U12 〉(x1) =
α(d∗ − γ∗)(−x1)−1/2
4d30
√
2π
[
(−x1)−iǫ
c+1
+
(−x1)iǫ
c−1
]
,
〈U21 〉(x1) = −〈U12 〉(x1),
〈U22 〉(x1) = 〈U11 〉(x1).
(26)
The funtion Σ(x1) is equal to 0 for x1 > 0, whereas for x1 < 0 it is given by
Σ121(x1) =
(−x1)−3/2
2bd30
√
2π
[
1/2 + iǫ
c+1
(−x1)−iǫ + 1/2− iǫ
c−1
(−x1)iǫ
]
,
Σ122(x1) =
i(−x1)−3/2
2bd30
√
2π
[
1/2 + iǫ
c+1
(−x1)−iǫ − 1/2− iǫ
c−1
(−x1)iǫ
]
,
Σ221(x1) = −Σ122(x1),
Σ222(x1) = Σ
1
21(x1).
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It will be shown in the sequel of the text that we only need the inverse transform of [[U ]]+ (see (24))
in order to ompute the stress intensity fators for both symmetri and skew-symmetri loading.
4 The Betti identity and evaluation of the stress intensity fators
Here we develop a general proedure for the evaluation of oeients in the asymptotis of the stress
omponents near the rak tip. This inludes the stress intensity fators as well as high-order asymptotis.
In partiular, the oeients near the higher order terms require appropriate weight funtions whih are
shown to be derived via dierentiation of the weight funtions [[U ]] and 〈U〉 along the rak.
4.1 The fundamental Betti identity and its equivalent representation in
terms of Fourier transforms
In this setion, the notations u = [u1, u2]
⊤
and σ = [σ21, σ22]
⊤
will be used for the physial displaement
and tration elds disussed in Setion 2. The notations U = [U1, U2]
⊤
and Σ = [Σ21,Σ22]
⊤
will apply
to the auxiliary singular displaements and the orresponding trations obtained in Setion 3.3.2. We
note that U is disontinuous along the positive semi-axis x1 > 0, whereas u is disontinuous along the
negative semi-axis x1 < 0.
Similar to Willis and Movhan (1995) and Piolroaz et al. (2007), we an apply the Betti formula
to the physial elds and to the weight funtions in order to evaluate the oeients in the asymptotis
near the rak tip. In partiular, applying the Betti identity to the upper half-plane and lower half-plane,
we obtain ∫
(x2=0+)
{
U⊤(x′1 − x1, 0+)Rσ(x1, 0+)−Σ⊤(x′1 − x1, 0+)Ru(x1, 0+)
}
dx1 = 0,
and ∫
(x2=0−)
{
U⊤(x′1 − x1, 0−)Rσ(x1, 0−)−Σ⊤(x′1 − x1, 0−)Ru(x1, 0−)
}
dx1 = 0,
respetively, where
R =
(−1 0
0 1
)
(27)
is a rotation matrix. Then, subtrating one from the other, we arrive at∫
(x2=0)
{
U⊤(x′1 − x1, 0+)Rσ(x1, 0+)−U⊤(x′1 − x1, 0−)Rσ(x1, 0−)
−
[
Σ
⊤(x′1 − x1, 0+)Ru(x1, 0+)−Σ⊤(x′1 − x1, 0−)Ru(x1, 0−)
]}
dx1 = 0.
The tration omponents ating on the x1 axis an be written as
σ(x1, 0
+) = p+(x1) + σ
(+)(x1, 0), σ(x1, 0
−) = p−(x1) + σ
(+)(x1, 0),
where p+(x1) = σ(x1, 0
+)H(−x1), p−(x1) = σ(x1, 0−)H(−x1) is the loading ating on the upper and
lower rak faes, respetively, and σ(+)(x1, 0) is the tration eld ahead of the rak tip, with H(x1)
being the unit-step Heaviside funtion. Consequently, the integral identity an be written as∫
(x2=0)
{
U⊤(x′1 − x1, 0+)Rp+(x1) +U⊤(x′1 − x1, 0+)Rσ(+)(x1, 0)
−U⊤(x′1 − x1, 0−)Rp−(x1)−U⊤(x′1 − x1, 0−)Rσ(+)(x1, 0)
−
[
Σ
⊤(x′1 − x1, 0+)Ru(x1, 0+)−Σ⊤(x′1 − x1, 0−)Ru(x1, 0−)
]}
dx1 = 0.
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From the ontinuity of σ(+) and Σ we get∫
(x2=0)
{
[[U ]]⊤(x′1 − x1)Rσ(+)(x1, 0)−Σ⊤(x′1 − x1, 0)R[[u]](x1)
}
dx1 =
−
∫
(x2=0)
{
U⊤(x′1 − x1, 0+)Rp+(x1)−U⊤(x′1 − x1, 0−)Rp−(x1)
}
dx1.
Introduing the symmetri and skew-symmetri parts of the loading (7), we nally obtain∫
(x2=0)
{
[[U ]]⊤(x′1 − x1)Rσ(+)(x1, 0)−Σ⊤(x′1 − x1, 0)R[[u]](x1)
}
dx1 =
−
∫
(x2=0)
{
[[U ]]⊤(x′1 − x1)R〈p〉(x1) + 〈U〉⊤(x′1 − x1)R[[p]](x1)
}
dx1.
(28)
Taking the Fourier transform of (28) we derive
[[U ]]+⊤Rσ+ −Σ−⊤R[[u]]− = −[[U ]]+⊤R〈p〉 − 〈U〉⊤R[[p]], β ∈ R. (29)
4.2 Stress intensity fators and high-order terms oeients
In this setion, we will derive the stress intensity fators as well as high-order terms from the Betti
formula (29) obtained in the previous setion. The omplex stress intensity fator will be denoted by
K = K
I
+ iK
II
, and analogous notations will be used for high-order terms: A = A
I
+ iA
II
, B = B
I
+ iB
II
.
The asymptotis of the physial tration eld as x1 → 0+ are as follows
σ(+)(x1) =
x
−1/2
1
2
√
2π
S(x1)K +
x
1/2
1
2
√
2π
S(x1)A+
x
3/2
1
2
√
2π
S(x1)B +O(x
5/2
1 ),
where
S(x1) =

 −ixiǫ1 ix−iǫ1
xiǫ1 x
−iǫ
1

 ,
and K = [K,K∗]⊤, A = [A,A∗]⊤, B = [B,B∗]⊤, where the supersript ∗ denotes onjugation. The
orresponding Fourier transforms, as β →∞, β ∈ C+, are (ompare with Piolroaz et al., 2007)
σ+(β) =
β
−1/2
+
4
T 1(β)K +
β
−1/2
+
4β
T 2(β)A +
β
−1/2
+
4β2
T 3(β)B +O(β
−7/2), (30)
where
T j(β) =


β−iǫ+
c+j e0
−e0β
iǫ
+
c−j
iβ−iǫ+
c+j e0
ie0β
iǫ
+
c−j

 , j = 1, 2, 3, (31)
c±1 =
(1 + i)
√
π
2Γ(1/2± iǫ) , c
±
2 =
(1− i)√π
2Γ(3/2± iǫ) , c
±
3 = −
(1 + i)
√
π
2Γ(5/2± iǫ) , (32)
and Γ(·) denotes the Gamma funtion.
The omponents of the displaement physial eld as x1 → 0− have the form
[[u]](x1) =
bd20√
2π
(−x1)1/2U1(x1)K − bd
2
0√
2π
(−x1)3/2U2(x1)A+ bd
2
0√
2π
(−x1)5/2U3(x1)B +O[(−x1)7/2],
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where
U j(x1) =


− i(−x1)
iǫ
2j − 1 + 2iǫ
i(−x1)−iǫ
2j − 1− 2iǫ
(−x1)iǫ
2j − 1 + 2iǫ
(−x1)−iǫ
2j − 1− 2iǫ

 , j = 1, 2, 3.
The orresponding Fourier transforms, as β →∞, β ∈ C− are (ompare with Piolroaz et al., 2007)
[[u]]−(β) = −bd
2
0
4β
β
−1/2
− V1(β)K −
bd20
4β2
β
−1/2
− V2(β)A −
bd20
4β3
β
−1/2
− V3(β)B +O(β
−9/2), (33)
where
Vj(β) =


e0β
−iǫ
−
c+j
− β
iǫ
−
c−j e0
ie0β
−iǫ
−
c+j
iβiǫ−
c−j e0

 , j = 1, 2, 3.
From these asymptotis we an derive estimates of the terms in the LHS of the Betti identity (29),
as β →∞,
[[U ]]+⊤Rσ+ = β−1M1K + β
−2M2A+ β
−3M3B +O(β
−4), β ∈ C+
Σ
−⊤
R[[u]]− = β−1M1K + β
−2M2A+ β
−3M3B +O(β
−4), β ∈ C−
(34)
where
Mj =
d0
4c+j c
−
j

 −c−j c+j
ic−j ic
+
j

 , j = 1, 2, 3. (35)
Let us introdue the following notation for the RHS of the Betti identity (29)
Ψ(β) = −[[U ]]+⊤(β)R〈p〉(β) − 〈U〉⊤(β)R[[p]](β), β ∈ R.
Note that for any possible loading, Ψ(β) → 0, as β → ±∞. In fat, if the loading is given by point
fores in terms of the Dira delta funtion, then Ψ(β) = O(|β|−1/2). If, for example, p± ∈ L1(R) or
(p±)′ ∈ L1(R) then Ψ(β) = o(|β|−1/2) or Ψ(β) = o(|β|−3/2), respetively.
Consequently, we an split Ψ(β) in the sum of a plus funtion and a minus funtion
Ψ(β) = Ψ+(β) −Ψ−(β), β ∈ R,
where
Ψ
±(β) =
1
2πi
∫ ∞
−∞
Ψ(t)
t− β dt, β ∈ C
±.
Moreover Ψ
±(β) ∼ 1/β, β → ∞, β ∈ C±, and, from the estimates (34) we an onlude that the
inhomogeneous Wiener-Hopf equation (29) has the unique solution
[[U ]]+⊤Rσ+ = Ψ+, β ∈ C+ and Σ−⊤R[[u]]− = Ψ−, β ∈ C−.
From these identities we an extrat asymptoti estimates. For this reason, let us rst assume that
p± ∈ S(R), where S(R) is the Shwartz spae of rapidly dereasing funtions (Zemanian, 1968), so that
Ψ(β) deays exponentially as β → ±∞. Then we have, for β →∞, β ∈ C±,
Ψ
±(β) =
1
2πi
∫ ∞
−∞
Ψ(t)
t− β dt = −β
−1 1
2πi
∫ ∞
−∞
Ψ(t)dt− β−2 1
2πi
∫ ∞
−∞
tΨ(t)dt +O(β−3). (36)
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Comparing orresponding terms in (36) and (34), we obtain the following formulae for the omplex
stress intensity fator and the oeient in the seond-order term
K =
1
2πi
M
−1
1
∫ ∞
−∞
{
[[U ]]+⊤(t)R〈p〉(t) + 〈U〉⊤(t)R[[p]](t)} dt,
A =
1
2πi
M
−1
2
∫ ∞
−∞
t
{
[[U ]]+⊤(t)R〈p〉(t) + 〈U 〉⊤(t)R[[p]](t)} dt, (37)
respetively.
Note that
1
2π
∫ ∞
−∞
{
[[U ]]+⊤(t)R〈p〉(t) + 〈U〉⊤(t)R[[p]](t)} dt =
= lim
x′
1
→0
1
2π
∫ ∞
−∞
{
[[U ]]+⊤(t)R〈p〉(t) + 〈U〉⊤(t)R[[p]](t)} e−ix′1tdt
= lim
x′
1
→0
F−1x′
1
{
[[U ]]+⊤R〈p〉+ 〈U〉⊤R[[p]]}
= lim
x′
1
→0
∫ 0
−∞
{
[[U ]]⊤(x′1 − x1)R〈p〉(x1) + 〈U〉⊤(x′1 − x1)R[[p]](x1)
}
dx1.
The formula for the omplex stress intensity fator beomes
K = −iM−11 lim
x′
1
→0
∫ 0
−∞
{
[[U ]]⊤(x′1 − x1)R〈p〉(x1) + 〈U〉⊤(x′1 − x1)R[[p]](x1)
}
dx1. (38)
Similarly, we an develop the integral in (37)2 to obtain
1
2π
∫ ∞
−∞
t
{
[[U ]]+⊤(t)R〈p〉(t) + 〈U〉⊤(t)R[[p]](t)} dt =
= i lim
x′
1
→0
d
dx′1
1
2π
∫ ∞
−∞
{
[[U ]]+⊤(t)R〈p〉(t) + 〈U〉⊤(t)R[[p]](t)} e−ix′1tdt
= i lim
x′
1
→0
∫ 0
−∞
{
[[U ]]⊤(x′1 − x1)R
d〈p〉(x1)
dx1
+ 〈U〉⊤(x′1 − x1)R
d[[p]](x1)
dx1
}
dx1.
The formula for the oeient in the seond order term is
A = M−12 lim
x′
1
→0
∫ 0
−∞
{
[[U ]]⊤(x′1 − x1)R
d〈p〉(x1)
dx1
+ 〈U〉⊤(x′1 − x1)R
d[[p]](x1)
dx1
}
dx1. (39)
If the loading p± is not smooth enough, singular or it is a distribution (suh as the Dira delta
funtion), then we an replae p± with a sequene {p±n } suh that p±n ∈ S(R) and p±n → p± in
S¯(R), when n → ∞. Here S¯(R) denotes the spae of distributions (Zemanian, 1968). Therefore, the
representations (37), (38), (39) an be interpreted in the sense of distributions and we an integrate
formally (39) by parts to obtain
A = M−12 lim
x′
1
→0
∫ 0
−∞
{
d[[U ]]⊤(x′1 − x1)
dx1
R〈p〉(x1) + d〈U 〉
⊤(x′1 − x1)
dx1
R[[p]](x1)
}
dx1.
5 Perturbation of the rak front
For the 2D ase, the perturbation onsidered here is related to an advane of the rak front by a distane
a. We denote quantities relative to the original unperturbed rak problem by subsript 0, and quantities
relative to the perturbed rak problem by subsript ⋆.
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5.1 General settings
The omplex stress intensity fator for the original unperturbed problem is given by
K0 = −iM−11 lim
x′
1
→0
∫ 0
−∞
{
[[U ]]⊤(x′1 − x1)R〈p〉(x1) + 〈U 〉⊤(x′1 − x1)R[[p]](x1)
}
dx1.
For the perturbed problem, if the oordinate system is shifted by the quantity a to the new rak tip
position, the omplex stress intensity fator is given by the formula
K⋆(a) = −iM−11 lim
x′
1
→0
∫ 0
−∞
{
[[U ]]⊤(x′1 − x1)R〈p〉(x1 + a) + 〈U〉⊤(x′1 − x1)R[[p]](x1 + a)
}
dx1.
The omputation of the rst order variation of the omplex stress intensity fator is now straightfor-
ward
dK⋆(a)
da
∣∣∣∣
a=0
=
= −iM−11 lim
x′
1
→0
lim
a→0+
∫ 0
−∞
{
[[U ]]⊤(x′1 − x1)R
〈p〉(x1 + a)− 〈p〉(x1)
a
+〈U〉⊤(x′1 − x1)R
[[p]](x1 + a)− [[p]](x1)
a
}
dx1
= −iM−11 lim
x′
1
→0
∫ 0
−∞
{
[[U ]]⊤(x′1 − x1)R
d〈p〉(x1)
dx1
+ 〈U〉⊤(x′1 − x1)R
d[[p]](x1)
dx1
}
dx1.
Similarly, for the seond order term, we obtain
dA⋆(a)
da
∣∣∣∣
a=0
= M−12 lim
x′
1
→0
∫ 0
−∞
{
[[U ]]⊤(x′1 − x1)R
d2〈p〉(x1)
dx21
+ 〈U〉⊤(x′1 − x1)R
d2[[p]](x1)
dx21
}
dx1.
We assume here that all the derivatives exist, otherwise, as previously, the formula should be under-
stood in the generalized sense.
5.2 Computation of the perturbations of stress intensity fator aording to
the approah of Willis and Movhan (1995)
The Betti formula for the original rak problem and the perturbed rak problem reads
[[U ]]+⊤Rσ+0 −Σ
−⊤
R[[u0]]
− = −[[U ]]+⊤R〈p〉 − 〈U〉⊤R[[p]], β ∈ R,
[[U ]]+⊤Rσ‡⋆ −Σ
−⊤
R[[u‡⋆]] = −[[U ]]+⊤R〈p〉 − 〈U〉⊤R[[p]], β ∈ R,
(40)
respetively. Aording to (30) and (33), the asymptotis of physial elds in the unperturbed problem
are
σ+0 (β) =
β
−1/2
+
4
T 1(β)K0 +
β
−1/2
+
4β
T 2(β)A0 +O(β
−5/2), β ∈ C+,
[[u0]]
−(β) = −bd
2
0
4β
β
−1/2
− V1(β)K0 −
bd20
4β2
β
−1/2
− V2(β)A0 +O(β
−7/2), β ∈ C−.
(41)
For the physial elds in the perturbed problem, σ
‡
⋆ and u
‡
⋆, we an write the respetive transforms
in the new oordinate system related to the new position of the rak tip
σ‡⋆(β, a) =
∫ ∞
a
σ‡⋆(x1)e
iβx1dx1 = e
iβa
∫ ∞
0
σ⋆(y)e
iβydy = eiβaσ+⋆ (β, a),
[[u‡⋆]](β, a) =
∫ a
−∞
[[u‡⋆]](x1)e
iβx1dx1 = e
iβa
∫ 0
−∞
[[u⋆]](y)e
iβydy = eiβa[[u⋆]]
−(β, a).
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Note that σ+⋆ and [[u⋆]]
−
are "+" and "−" funtions, respetively, with the same asymptotis as in (41),
subjet to replaing K0 with K⋆(a) and A0 with A⋆(a).
Subtrating (40)2 from (40)1, we obtain
[[U ]]+⊤R(σ+0 − eiβaσ+⋆ )−Σ
−⊤
R([[u0]]
− − eiβa[[u⋆]]−) = 0
	
, β ∈ R. (42)
Note that for any a > 0, the funtion eiβaσ+⋆ is a "+" funtion whih deays exponentially as β → ∞,
β ∈ C+, whereas eiβa[u⋆]− is a "−" funtion whih grows exponentially as β →∞, β ∈ C−.
Following Willis and Movhan (1995), we expand the exponential term as a→ 0+, so that
[[U ]]+⊤R(σ+0 − (1 + iaβ)σ+⋆ )−Σ
−⊤
R([[u0]]
− − (1 + iaβ)[[u⋆]]−) = 0
	
, β ∈ R.
The substitution of two-terms asymptotis for the unperturbed physial elds, σ+0 , [[u0]]
−
, and for
the perturbed physial elds, σ+⋆ , [[u⋆]]
−
, leads to
M1(K0 −K⋆(a))β−1+ − iaM1K⋆(a)− iaM2A⋆(a)β−1+
−{M1(K0 −K⋆(a))β−1− − iaM1K⋆(a)− iaM2A⋆(a)β−1− }+O(β−2) =
= {M1(K0 −K⋆(a))− iaM2A⋆(a)}(β−1+ − β−1− ) +O(β−2) = 0
	
.
We get
∆K =K⋆(a)−K0 ∼ −iaM−11 M2A0 = a
[
1/2 + iǫ 0
0 1/2− iǫ
]
A0, a→ 0+, (43)
and nally
∆K ∼ a(1/2 + iǫ)A0, ∆K∗ ∼ a(1/2− iǫ)A∗0, a→ 0+.
Note that it is assumed here that K⋆(a) and A⋆(a) are ontinuous in a = 0. This fat will be proven
in the next setion.
5.3 An alternative omputation of the perturbations of stress intensity fa-
tors and high-order terms
Here we provide a rigorous asymptoti proedure leading to the omputation of perturbations in the
stress intensity fators as well as high-order terms. The Abelian and Tauberian type theorems outlined
in Appendix A.2 will be used for this purpose.
We rewrite now the equation (42) as follows
[[U ]]+⊤R(e−iβaσ+0 − σ+⋆ )−Σ
−⊤
R(e−iβa[[u0]]
− − [[u⋆]]−) = 0
	
, β ∈ R. (44)
The funtion e−iβaΣ
−⊤
R[[u0]]
−
is a "−" funtion whih deays exponentially as β → ∞, β ∈ C−,
whereas e−iβa[[U ]]+⊤Rσ+0 is not a proper "+" funtion, beause of the exponential growth as β → ∞,
β ∈ C+. However, for β ∈ R, e−iβa[[U ]]+⊤Rσ+0 ∼ 1/β, as β → ±∞, so that it an be deomposed as
e−iβa[[U ]]+⊤Rσ+0 = Ξ
+ −Ξ−,
where
Ξ
±(β) =
1
2πi
∫ ∞
−∞
e−iat[[U ]]+⊤Rσ+0
t− β dt, β ∈ C
±.
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Now, from the solution of the Wiener-Hopf equation (44), we obtain the following identities
Ξ
+ − [[U ]]+⊤Rσ+⋆ = 0
	
, β ∈ C+,
−Ξ− −Σ−⊤R(e−iβa[[u0]]− − [[u⋆]]−) = 0
	
, β ∈ C−.
(45)
Note that ∫ ∞
−∞
e−iat[[U ]]+⊤Rσ+0 dt <∞,
and
e−iβaΣ
−⊤
R[[u0]]
− = o
(
1
βn
)
, β →∞, β ∈ C−,
for any n ∈ N. Consequently, we obtain from the leading term asymptoti of both identities (45) the
same result, namely
M1K⋆(a) = − 1
2πi
∫ ∞
−∞
e−iat[[U ]]+⊤Rσ+0 dt. (46)
The appliation of the Tauberian type Theorem A.5 (see Appendix A.2) leads to
lim
a→0+
M1K⋆(a) = −1
i
(−iM1K0),
and, sine the matrix M1 is not singular,
lim
a→0+
K⋆(a) =K0.
This proves that the omplex stress intensity fator K is ontinuous in a = 0.
In order to derive the rst order variation of the omplex stress intensity fator in the perturbation
problem, we onsider the derivative of (46) with respet to a (see Theorem A.5),
M1K
′
⋆(a) =
1
2π
∫ ∞
−∞
e−iat{t[[U ]]+⊤Rσ+0 −M1K0}dt,
where
t[[U ]]+⊤Rσ+0 −M1K0 = t−1M2A0 + t−2M2B0 +O(t−3), t→∞, t ∈ C+.
Applying again the Theorem A.5 we an onlude that
lim
a→0+
M1K
′
⋆(a) = −iM2A0,
and, nally, the rst order variation of the omplex stress intensity fator in the perturbation problem
is given by
K′⋆(0) = −iM−11 M2A0,
whih is onsistent with the result (43).
This asymptoti proedure an be extended to ompute the perturbations of high-order terms as
follows. From the seond-term asymptotis of (45) we derive the oeient A⋆(a), whih reads
M2A⋆(a) = lim
β→∞
β
2πi
∫ ∞
−∞
te−iat[[U ]]+⊤Rσ+0
t− β dt, β ∈ C
+. (47)
Note that the integral on the right-hand side exists, but the behaviour of the integrand does not allow
us to take the limit diretly.
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Let us onsider the funtion
f(β, a) =
β
2πi
∫ ∞
−∞
te−iat[[U ]]+⊤Rσ+0
t− β dt.
Integration by parts leads to
f(β, a) =
β
2πi
{[
g(t, β)t[[U ]]+⊤Rσ+0
]∞
−∞
−
∫ ∞
−∞
g(t, β)(t[[U ]]+⊤Rσ+0 )
′dt
}
, (48)
where
g(t, β) =
∫ t
−∞
e−iaξ
ξ − β dξ, β ∈ C
+. (49)
The integrand in (49) is analyti in C− and deays exponentially as ξ →∞, ξ ∈ C−. As a result
lim
t→∞
g(t, β) = 0, β ∈ C+,
and therefore the rst term in brakets in (48) vanishes and we an then write
f(β, a) = − β
2πi
∫ ∞
−∞
g(t, β)(t[[U ]]+⊤Rσ+0 )
′dt
= − β
2πi
∫ ∞
−∞
g(t, β)(t[[U ]]+⊤Rσ+0 −M1K0)′dt
= − β
2πi
{[
g(t, β)(t[[U ]]+⊤Rσ+0 −M1K0)
]∞
−∞
−
∫ ∞
−∞
g′(t, β)(t[[U ]]+⊤Rσ+0 −M1K0)dt
}
=
β
2πi
∫ ∞
−∞
e−iat
t− β (t[[U ]]
+⊤Rσ+0 −M1K0)dt.
It is now possible to take the limit as β →∞ in (47), thus we dedue
M2A⋆(a) = lim
β→∞
β
2πi
∫ ∞
−∞
e−iat(t[[U ]]+⊤Rσ+0 −M1K0)
t− β dt
= − 1
2πi
∫ ∞
−∞
e−iat(t[[U ]]+⊤Rσ+0 −M1K0)dt.
We are now in the position to use the Theorem A.5, so that
lim
a→0+
M2A⋆(a) = −1
i
(−iM2A0),
and, sine the matrix M2 is not singular,
lim
a→0+
A⋆(a) = A0,
whih proves the ontinuity of the funtion A⋆(a) in a = 0.
Moreover, the rst order variation of A⋆(a) an now be derived following the same asymptoti
proedure presented above and we dedue
A′⋆(0) = −iM−12 M3B0,
so that
A′⋆(0) = (3/2 + iǫ)B0, A
∗′
⋆ (0) = (3/2− iǫ)B∗0 .
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6 An illustrative example
In this setion, we present an example regarding the omputation of the omplex stress intensity fator
K for an interfaial rak loaded by a simple asymmetri fore system, as shown in Fig. 3. The loading
is given by a point fore F ating upon the upper rak fae at a distane a behind the rak tip and
two point fores F/2 ating upon the lower rak fae at a distane a− b and a+ b behind the rak tip.
In terms of the Dira delta funtion δ(·), the loading is then given by
p+(x1) = −Fδ(x1 + a),
p−(x1) = −F
2
δ(x1 + a+ b)− F
2
δ(x1 + a− b).
F /2
F /4 F /4
F /2
F /4 F /4
F /2 F /2
x2
x1
anti−symmetric part
+
symmetric part
F
a
=
asymmetric loading
2b
Figure 3: "Three-point" loading of an interfaial rak.
The loading is self-balaned, in terms of both prinipal fore and moment vetors, and an be divided
into symmetri and skew-symmetri parts (see Fig. 3),
〈p〉(x1) = −F
2
δ(x1 + a)− F
4
δ(x1 + a+ b)− F
4
δ(x1 + a− b),
[[p]](x1) = −Fδ(x1 + a) + F
2
δ(x1 + a+ b) +
F
2
δ(x1 + a− b).
For this loading system, the omplex stress intensity fator K has been evaluated by means of the
integral formula (38) and the symmetri and skew-symmetri weight funtions, (1) and (2) respetively,
obtaining K = KS +KA, where
KS = F
√
2
π
cosh(πǫ)a−1/2−iǫ
{
1
2
+
1
4
(1 + b/a)−1/2−iǫ +
1
4
(1− b/a)−1/2−iǫ
}
,
KA = αF
√
2
π
cosh(πǫ)a−1/2−iǫ
{
1
2
− 1
4
(1 + b/a)−1/2−iǫ − 1
4
(1− b/a)−1/2−iǫ
}
.
The omplex stress intensity fator has been omputed for the ase ν+ = 0.2 and ν− = 0.3 and ve
values of the parameter η, namely η = {−0.99,−0.5, 0, 0.5, 0.99}. The values have been normalized and
plotted in Fig. 4 as funtions of the ratio b/a (a is xed equal to 1). The symmetri (skew-symmetri)
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Figure 4: Symmetri and anti-symmetri stress intensity fators as a funtion of b/a (a is xed equal to 1) for the ase
ν+ = 0.2, ν− = 0.3 and: η = −0.99 (green), η = −0.5 (orange), η = 0 (red), η = 0.5 (blue), η = 0.99 (blak).
stress intensity fator is reported on the left (right) of the gure, the real (imaginary) part is reported
on the top (bottom).
Commenting on the results, rst, we note from the gure that both KS
II
and KA
II
are not identially
zero, even though the loading orresponds to a tensile (or opening) mode. This is typial of the interfaial
rak problem, where there is no symmetry with respet to the plane ontaining the rak, so that Mode
I and Mode II are oupled.
Seond, results pertaining to the skew-symmetri stress intensity fator show that KA
I
and KA
II
are
both equal to zero for b/a = 0, as expeted, sine in this ase the loading is symmetri. As we inrease
b/a and the skew-symmetri part of the loading beomes more and more relevant, the skew-symmetri
stress intensity fator inreases orrespondingly. Both the symmetri and skew-symmetri stress intensity
fators are singular as b/a→ 1, beause a point fore is approahing the rak tip.
The analytial method developed in the present paper allows us also to evaluate the oeients in
the higher order terms of asymptotis of physial elds. As an example, we omputed the oeient in
the seond order term, A, whih is reported in Fig. 5, in analogy with the stress intensity fator in the
gures above.
In order to appreiate the magnitude of the skew-symmetri stress intensity fator with respet to
the magnitude of the symmetri stress intensity fator, the ratio KA
I
/KS
I
is plotted in Fig. 6 (on the
left) as a funtion of b/a. We notie from the gure that the magnitude of KA
I
may easily reah 20% of
the magnitude of KS
I
, a value whih is not negligible and has to be taken into aount in the view of the
appliation of a tensile frature riterion. Note also that the oeient A is even more sensitive to the
anti-symmetri loading, AA
I
may easily reah the same magnitude as AS
I
, see Fig. 6 on the right. The
ratios KA
II
/KS
II
and AA
II
/AS
II
are not reported here sine, in this ase, they are both equal to the same
onstant, namely KA
II
/KS
II
= AA
II
/AS
II
= α.
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Figure 5: Symmetri and anti-symmetri parts of A as funtions of b/a (a is xed equal to 1) for the ase ν+ = 0.2,
ν− = 0.3 and: η = −0.99 (green), η = −0.5 (orange), η = 0 (red), η = 0.5 (blue), η = 0.99 (blak).
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Figure 6: Ratios KA
I
/KS
I
and AA
I
/AS
I
as funtions of b/a (a is xed equal to 1) for the ase ν+ = 0.2, ν− = 0.3 and:
η = −0.99 (green), η = −0.5 (orange), η = 0 (red), η = 0.5 (blue), η = 0.99 (blak).
7 Mode III
The Wiener-Hopf equation relating the Fourier transforms of the singular displaement and the orre-
sponding tration is given by
[[U3]]
+ = −b+ e|β| Σ
−
32, β ∈ R,
where e = ν+/µ+ + ν−/µ−. This equation an be immediately fatorized as follows
β
1/2
+ [[U3]]
+ = −b+ e
β
1/2
−
Σ
−
32.
Assuming that [[U3]]
+ ∼ β−1/2+ and Σ
−
32 ∼ β1/2− , as β →∞, β ∈ C±, we have
β
1/2
+ [U3]
+ = −b+ e
β
1/2
−
Σ
−
32 = O(1), β → ±∞, β ∈ R,
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so that, from the Liouville theorem, it follows that both sides of the equation are equal to the same
onstant.
The weight funtions for the Mode III problem are then given by
[[U3]]
+(β) = β
−1/2
+ , and Σ
−
32(β) = −
β
1/2
−
b + e
,
with orresponding inverse transforms
[[U3]](x1) =


1− i√
2π
x
−1/2
1 , x1 > 0,
0, x1 < 0,
Σ32(x1) =


0, x1 > 0,
1− i
2
√
2π(b+ e)
(−x1)−3/2, x1 < 0,
(50)
The Betti identity redues to
[[U3]]
+σ+32 − Σ
−
32[[u3]]
− = −[[U3]]+〈p3〉 − 〈U3〉+[[p3]].
The asymptotis of physial elds are
σ32 =
K
III√
2π
x
−1/2
1 +
A
III√
2π
x
1/2
1 +O(x
3/2
1 ), x1 → 0+,
[[u3]] =
2(b+ e)K
III√
2π
(−x1)1/2 − 2(b+ e)AIII
3
√
2π
(−x1)3/2 +O[(−x1)5/2], x1 → 0−,
with orresponding Fourier transforms
σ+32 =
(1 + i)K
III
2
β
−1/2
+ −
(1− i)A
III
4
β
−3/2
+ +O(β
−5/2
+ ), β →∞, β ∈ C+
[[u3]]
− = − (1 + i)(b+ e)KIII
2
β
−3/2
− +
(1 − i)(b+ e)A
III
4
β
−5/2
− +O(β
−7/2
− ), β →∞, β ∈ C−.
By the same arguments used for Mode I and II, we obtain the formulae
K
III
= −(1 + i) lim
x′
1
→0+
∫ 0
−∞
{[[U3]](x′1 − x1)〈p3〉(x1) + 〈U3〉(x′1 − x1)[[p3]](x1)}dx1,
A
III
= −2(1 + i) lim
x′
1
→0+
∫ 0
−∞
{
[[U3]](x
′
1 − x1)
d〈p3〉(x1)
dx1
+ 〈U3〉(x′1 − x1)
d[[p3]](x1)
dx1
}
dx1.
From the solution of the half-plane problem, we get the full representation of weight funtions. For
the lower half-plane:
u3(β, x2) =
1
µ−|β|Σ
−
32e
|β|x2,
σ31(β, x2) = −i sign(β)Σ−32e|β|x2,
σ32(β, x2) = Σ
−
32e
|β|x2.
For the upper half-plane the equations are the same subjet to replaing |β| with −|β| and µ− with
µ+, so that we obtain
[[U3]]
+ = −µ+ + µ−
µ+µ−
1
|β|Σ
−
32, 〈U3〉+ =
µ+ − µ−
2µ+µ−
1
|β|Σ
−
32 =
η
2
[[U3]]
+, (51)
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where
η =
µ− − µ+
µ− + µ+
.
The formulae for the evaluation of K
III
and A
III
are
K
III
= −
√
2
π
∫ 0
−∞
{
〈p3〉(x1) + η
2
[[p3]](x1)
}
(−x1)−1/2dx1,
A
III
= −2
√
2
π
∫ 0
−∞
{
d〈p3〉(x1)
dx1
+
η
2
d[[p3]](x1)
dx1
}
(−x1)−1/2dx1.
(52)
The full representation of weight funtions after Fourier inversion is, for the lower half-plane, x2 < 0,
u3(x1, x2) = − µ+
2
√
π(µ− + µ+)
{
(ix1 − x2)−1/2 − i(−ix1 − x2)−1/2
}
,
σ31(x1, x2) =
µ+µ−
4
√
π(µ− + µ+)
{
i(ix1 − x2)−3/2 − (−ix1 − x2)−3/2
}
,
σ32(x1, x2) = − µ+µ−
4
√
π(µ− + µ+)
{
(ix1 − x2)−3/2 − i(−ix1 − x2)−3/2
}
,
and, for the upper half-plane, x2 > 0,
u3(x1, x2) =
µ−
2
√
π(µ− + µ+)
{
(ix1 + x2)
−1/2 − i(−ix1 + x2)−1/2
}
,
σ31(x1, x2) = − µ+µ−
4
√
π(µ− + µ+)
{
i(ix1 + x2)
−3/2 − (−ix1 + x2)−3/2
}
,
σ32(x1, x2) = − µ+µ−
4
√
π(µ− + µ+)
{
(ix1 + x2)
−3/2 − i(−ix1 + x2)−3/2
}
.
We ompare now the result obtained for the Mode III with that of Mode I and II. In partiular,
we notie from (52) that the skew-symmetri part of K
III
is proportional to the material parameter η,
whereas the skew-symmetri part of the omplex stress intensity fator K is proportional to the material
parameter α, see (38) and (2). A omparison of these two parameters is then useful to understand
whether the skew-symmetri loading is more relevant for Mode III (α > η) or Mode I and II (η > α).
This omparison is shown in Fig. 7.
-1.0 -0.5 0.5 1.0 Η
-1.0
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0.5
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Figure 7: The material parameter α as a funtion of the material parameter η for: ν+ = 0, ν− = 0.5 (green); ν+ = 0.2,
ν− = 0.3 (orange); ν+ = ν− = 0.3 (red); ν+ = 0.5, ν− = 0 (blue).
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A APPENDIX
A.1 Material parameters relevant to the interfaial rak problem
The lassial material parameters involved in the problem of the interfaial rak are the bimaterial
onstant,
ǫ =
1
2π
log
µ+ + (3− 4ν+)µ−
µ− + (3− 4ν−)µ+ ,
and the Dundurs parameters
d∗ =
µ−(1− 2ν+)− µ+(1− 2ν−)
2µ−(1− ν+) + 2µ+(1 − ν−) , α =
µ−(1− ν+)− µ+(1 − ν−)
µ−(1− ν+) + µ+(1 − ν−) ,
(see for example Huthinson, Mear and Rie, 1987). Note that the bimaterial onstant ǫ an be written
in terms of the parameter d∗ as follow
ǫ =
1
π
arctanh(d∗) =
1
2π
log
1 + d∗
1− d∗ .
Commonly used are also the parameter
b =
1− ν+
µ+
+
1− ν−
µ−
,
and, mainly for the 3D ase, the parameter
e =
ν+
µ+
+
ν−
µ−
.
In the study of the asymmetrial ase, new bimaterial parameters appear. In partiular, the parameter
γ =
µ−(1− 2ν+) + µ+(1 − 2ν−)
2µ−(1− ν+) + 2µ+(1− ν−) ,
for the plane strain problem (Mode I and II), the parameter
η =
µ− − µ+
µ− + µ+
,
for the antiplane shear problem (Mode III), and the parameter
f =
ν+
µ+
− ν−
µ−
for the 3D ase.
All the parameters involved in the problem of the interfaial rak are listed in Table A.1.
We mention here that another bimaterial parameter, denoted by ν, has been introdued by Lazarus
and Leblond (1998), whih is dened by
1− ν = (1 − ν+)/µ+ + (1 − ν−)/µ−
(1/µ+ + 1/µ−) cosh
2(πǫ)
,
and an be expressed in our notations by
1− ν = bd
4
0
b+ e
.
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Table 1: Material parameters relevant to the interfaial rak problem (κ± = 3− 4ν±).
Symmetri weight funtion [[U ]] Skew-symmetri weight funtion 〈U〉
b =
1− ν+
µ+
+
1− ν−
µ−
=
1 + κ+
4µ+
+
1 + κ−
4µ−
bα =
1− ν+
µ+
− 1− ν−
µ−
=
1 + κ+
4µ+
− 1 + κ−
4µ−
d =
1− 2ν+
2µ+
− 1− 2ν−
2µ−
=
κ+ − 1
4µ+
− κ− − 1
4µ−
bγ =
1− 2ν+
2µ+
+
1− 2ν−
2µ−
=
κ+ − 1
4µ+
+
κ− − 1
4µ−
e =
ν+
µ+
+
ν−
µ−
=
3− κ+
4µ+
+
3− κ−
4µ−
f =
ν+
µ+
− ν−
µ−
=
3− κ+
4µ+
− 3− κ−
4µ−
d∗ =
d
b
=
µ−(1− 2ν+)− µ+(1− 2ν−)
2µ−(1 − ν+) + 2µ+(1− ν−)
=
µ−(κ+ − 1)− µ+(κ− − 1)
µ−(1 + κ+) + µ+(1 + κ−)
γ∗ =
γ
α
=
µ−(1− 2ν+) + µ+(1− 2ν−)
2µ−(1− ν+)− 2µ+(1− ν−)
=
µ−(κ+ − 1) + µ+(κ− − 1)
µ−(1 + κ+)− µ+(1 + κ−)
η =
µ− − µ+
µ− + µ+
1
µ+
+
1
µ−
= b+ e
1
µ+
− 1
µ−
= bα+ f
As shown by Pindra et al. (2008), this bimaterial parameter has the meaning of equivalent Poisson
ratio, in the sense that it satises the inequalities 0 < ν < 1/2, and, when the two materials beome
the same, this quantity redues to the Poisson ratio of the homogeneous body.
There are several relations between material parameters that appear frequently in the solution of the
problem. These relations are listed below for onveniene of the reader.
d0 = (1− d2∗)1/4, e0 = eπǫ/2 =
(
1 + d∗
1− d∗
)1/4
,
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cosh(πǫ) =
1
d20
, sinh(πǫ) =
d∗
d20
,
cosh
(πǫ
2
)
+ sinh
(πǫ
2
)
= e0, cosh
(πǫ
2
)
− sinh
(πǫ
2
)
=
1
e0
,
e20 =
1 + d∗
d20
=
d20
1− d∗ .
A.2 Abelian and Tauberian type theorems
In this setion, we will prove a proposition (Theorem A.5), whih is used in Setion 5.3 for the purpose
of evaluation of the perturbation of stress intensity fators and high-order analysis near the tip of the
interfaial rak. This theorem appears to be a new result, not present in the literature.
We begin with presenting some known theorems. Although these results an be found in the literature
(see for example Noble, 1988), they are presented here beause of their relevane for the analysed problem.
Theorem A.1. If, for some a ∈ R, |f(x)| < eax as x→ +∞ and
f(x) ∼ xk, x→ 0+, −1 < k < 0, (A.1)
then
ψ+(t) =
∫ ∞
0
f(x)eitxdx
is analyti in C+a = {t ∈ C| Im(t) > a} and
ψ+(t) ∼ Γ(k + 1)eipi2 (k+1)t−k−1, t→∞,
∣∣∣arg(t)− π
2
∣∣∣ ≤ A < π
2
. (A.2)
Theorem A.2. Let ψ+(t) be a funtion analyti in C+0 , with the property (A.2) where it is assumed
that −1 < k < 0. Then there exists a funtion f with support R+,
f(x) =
1
2π
∫ ∞
−∞
ψ+(t)e−ixtdt,
satisfying the asymptoti estimate (A.1).
Theorem A.3. Let ψ be a loally integrable funtion on R satisfying, for some small ǫ > 0,
ψ(t) = A±|t|−k−1 +O(|t|−k−1−ǫ), t→ ±∞, −1 < k < 0. (A.3)
Then there exists a funtion f ,
f(x) =
1
2π
∫ ∞
−∞
ψ(t)e−ixtdt,
satisfying
f(x) = B±|x|k +O(|x|k+ǫ), x→ 0±, (A.4)
where
B± =
Γ(−k)
2π
{
(A+ +A−) sin
π(k + 1)
2
∓ i(A+ −A−) cos π(k + 1)
2
}
.
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Proof. First we write
ψ(t) = ψ1(t) + ψ2(t),
where ψ1(t) = H(t)ψ(t) and ψ2(t) = [1 −H(t)]ψ(t), with H(t) being the unit-step Heaviside funtion.
Then, we onsider the inverse transform of ψ1(t) and, assuming a positive onstant a, we dedue
f1(x) =
1
2π
∫ ∞
0
ψ1(t)e
−ixtdt
=
1
2π
(∫ a
0
+
∫ ∞
a
)
ψ1(t)e
−ixtdt
=
1
2π
∫ ∞
a
ψ1(t)e
−ixtdt+O(1), x→ 0,
where the last equality is a onsequene of the loal integrability of the funtion ψ1. From the asymptotis
(A.3)1, we have ψ1(t) ∼ A+t−k−1, t→ +∞ and thus
f1(x) = g(x) +O(x
min{k+ǫ,1}), x→ 0,
where
g(x) =
A+
2π
∫ ∞
a
t−k−1e−ixtdt.
Making the substitution ξ = |x|t, we obtain
g(x) =
A+
2π
|x|k
∫ ∞
|x|a
ξ−k−1e−i sign(x)ξdξ, (A.5)
and hene
lim
x→0±
f1(x)
|x|k =
A+
2π
∫ ∞
0
ξ−k−1e∓iξdξ
=
A+
2π
{∫ ∞
0
ξ−k−1 cos ξdξ ∓ i
∫ ∞
0
ξ−k−1 sin ξdξ
}
=
A+Γ(−k)
2π
{
sin
π(k + 1)
2
∓ i cos π(k + 1)
2
}
.
(A.6)
Considering now the inverse transform of ψ2(t), we have
f2(x) =
1
2π
∫ 0
−∞
ψ2(t)e
−ixtdt =
1
2π
∫ ∞
0
ψ3(t)e
ixtdt,
where ψ3(t) = ψ2(−t) ∼ A−t−k−1, t→ +∞. From the same argument used above for f1(x), we dedue
lim
x→0±
f2(x)
|x|k =
A−Γ(−k)
2π
{
sin
π(k + 1)
2
± i cos π(k + 1)
2
}
. (A.7)
It sues now to add the partial results (A.6) and (A.7) to get the nal result.
Theorem A.4. Let ψ be a loally integrable funtion on R satisfying
ψ(t) ∼ A±|t|−1, t→ ±∞, (A.8)
and assume that A+ +A− 6= 0. Then there exists a funtion f ,
f(x) =
1
2π
∫ ∞
−∞
ψ(t)e−ixtdt,
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satisfying
f(x) ∼ − 1
2π
(A+ +A−) log |x|, x→ 0. (A.9)
Proof. The proof proeeds in the same way as for Theorem A.3, exept that the funtion g(x) in (A.5)
is now given by
g(x) =
A+
2π
∫ ∞
|x|a
1
ξ
e−i sign(x)ξdξ =
A+
2π
{
−Ci(|x|a) − i sign(x)
[π
2
− Si(|x|a)
]}
,
where Ci and Si stand for the osine and sine integral funtions, respetively. From the properties
Ci |x| ∼ log |x| and Si(x)→ 0, as x→ 0, we dedue
g(x) ∼ −A+
2π
log |x|,
and hene the assertion.
For the purpose of appliation of these results to the perturbation analysis of the physial elds
around the interfaial rak, the need arises for an extension of the Theorem A.2 to the ase k = 0. This
extension is provided by the following theorem.
Theorem A.5. Let f(x) be the funtion
f(x) =
1
2π
∫ ∞
−∞
ψ+(t)e−ixtdt. (A.10)
If ψ+(t) is analyti in C+ and
ψ+(t) = a1t
−1 + a2t
−2 +O
(
t−3
)
, t→∞, (A.11)
in the losed half-plane C
+
= C+ ∪R, then f(x) = 0, ∀x < 0 and
lim
x→0+
f(x) = −ia1, (A.12)
f ′(x) = − i
2π
∫ ∞
−∞
{tψ+(t)− a1}e−ixtdt. (A.13)
Proof. The fat that f(x) = 0, ∀x < 0 is a diret onsequene of the fat that ψ+(t) is a "+" funtion.
Assume now that x > 0.
From the assumptions on the behaviour of the funtion ψ+(t), it follows that ψ+(t) = a1/t+ R(t),
where tR(t)→ 0, as t→∞, t ∈ C+ (inluding t→ ±∞, t ∈ R).
We write
f(x) =
1
2π
lim
a→+∞
{∫ ∞
a
[ψ+(−t)eixt + ψ+(t)e−ixt]dt+
∫ a
−a
ψ+(t)e−ixtdt
}
. (A.14)
The rst integral is
f1(x, a) =
∫ ∞
a
[ψ+(−t)eixt + ψ+(t)e−ixt]dt = f11(x, a) + f12(x, a),
where
f11(x, a) =
∫ ∞
a
[
−a1
t
eixt +
a1
t
e−ixt
]
dt = −2ia1
∫ ∞
xa
sin(ξ)
ξ
dξ,
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and
f12(x, a) =
∫ ∞
a
[
R(−t)eixt +R(t)e−ixt] dt = ∫ ∞
xa
[
1
x
R
(
− ξ
x
)
eiξ +
1
x
R
(
ξ
x
)
e−iξ
]
dξ,
so that, taking a = x−1/2, we have f11(x, x
−1/2)→ −iπa1 and f12(x, x−1/2)→ 0, as x→ 0+.
Let us denote the seond integral in (A.14) by f2(x, a). Then, using analytiity of ψ
+(t) in C+, we
dedue
f2(x, a) = −
∫
Γa
ψ+(t)e−ixtdt,
where Γa = {t ∈ C|t = aeiθ, 0 < θ < π}. We write
f2(x, a) = f21(x, a) + f22(x, a),
where
f21(x, a) = −
∫
Γa
a1
t
e−ixtdt and f22(x, a) = −
∫
Γa
R(t)e−ixtdt.
Taking again the same a = x−1/2, we obtain
f21(x, x
−1/2) = −
∫
Γ
x−1/2
a1
t
e−ixtdt ∼ −a1
∫
Γ
x−1/2
1
t
dt = −iπa1,
as x→ 0+.
Finally,
f22(x, a) = −
∫
Γa
R(t)e−ixtdt = −
∫
Γxa
1
x
R
(
ξ
x
)
e−iξdξ,
so that f22(x, x
−1/2)→ 0, as x→ 0+, and we an onlude that
f(x)→ 1
2π
(−iπa1 − iπa1) = −ia1,
as x→ 0+, whih proves (A.12).
Taking the derivative of (A.10) with respet to x we obtain
f ′(x) = − i
2π
∫ ∞
−∞
tψ+(t)e−ixtdt.
Note that this integral does not exist for real x, so everywhere later we assume Im(x) > 0. Integrating
by parts
f ′(x) = − i
2π
{[
tψ+(t)
∫ t
−∞
e−ixpdp
]∞
−∞
−
∫ ∞
−∞
[tψ+(t)]′
(∫ t
−∞
e−ixpdp
)
dt
}
=
i
2π
∫ ∞
−∞
[tψ+(t)− a1]′
(∫ t
−∞
e−ixpdp
)
dt,
beause
∫ t
−∞ e
−ixpdp→ 0 as t→ ±∞. Integrating again by parts
f ′(x) =
i
2π
{[
[tψ+(t)− a1]
∫ t
−∞
e−ixpdp
]∞
−∞
−
∫ ∞
−∞
[tψ+(t)− a1]e−ixtdt
}
= − i
2π
∫ ∞
−∞
[tψ+(t)− a1]e−ixtdt.
Note that the last formula makes sense also for real x.
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An immediate onsequene of the Theorem A.5 is the following
Corollary. It follows from the Theorem A.5 that
lim
x→0+
f ′(x) = −a2.
Remark. Note that the dierene between the Theorems A.5 and A.2 is in the assumption about the
asymptoti behaviour of the transform ψ+ as t → ∞. The assumption (A.2) is weaker, sine it is
equivalent to assume the asymptoti property as Im(t)→ +∞, whereas the assumption (A.11) is stronger,
sine the asymptoti property must hold true also as t→∞ along the real axis (Im(t) = 0 and Re(t)→
±∞). The stronger assumption is needed in order to extend the theorem to the ase k = 0.
Note also that analytiity of the funtion ψ+ in the Theorem A.5 is essential. To make this lear let
us onsider the following examples.
In the ase k = 0 and A+ + A− = 0, neither Theorem A.3 nor Theorem A.4 are appliable and the
only onlusion on the asymptoti behaviour of the inverse transform f(x) is that f(x) is asymptotially
equal to a onstant as x → 0, but the value of this onstant depends, in general, on the partiular
funtion ψ(t), not only on its asymptoti behaviour as t→ ±∞. For example, if ψ(t) = t/(t2 + 1) then
f(x) → ∓i/2 as x → 0±, whereas if ψ(t) = (t + 1)/(t2 + 1) then f(x) → 1/2 ∓ i/2 as x → 0±. From
these examples, it is lear that smoothness of the funtion ψ(t) is not helpful.
Analytiity of the funtion ψ(t) ≡ ψ+(t) in C+, in addition to onditions (A.3) guarantees the result
(A.12) for k = 0 and A+ +A− = 0.
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